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Abstract
Marine biologists usually assess coral growth through the von Bertalanffy growth
function (VBGF), a function of several biological parameters linked to age by
a non-linear relationship. Coral growth parameters are then evaluated via ordi-
nary least squares after a linear transformation of the VBGF. Current literature
focuses on linearization techniques, but these methods are often used without
considering a careful data examination and the presence of variability in coral of
the same age or in coral of the same colony. For these reasons, a more thorough
approach based on a hierarchical non-linear mixed-effects model is proposed.
This model takes into account the influence of sites characteristics to model het-
erogeneity between sites. Moreover, the contribution of environmental factors
and all the reliable information that may influence coral growth can be suitably
modelled. Two model specifications based on the standard and new VBGF pa-
rameterizations are introduced to analyse the growth of a solitary coral species
Balanophyllia europaea. Results from the proposed modelling approach show
the importance of including environmental conditions for species coral growth
and support; furthermore, the results show the importance of the possibility of
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accounting for variability from different sources in terms of estimated growth
curves.
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1. Introduction1
In marine biology, demographic parameters of living populations are crucial2
indicators for investigating the relationships between organisms and their envi-3
ronment and to assess the stability of habitats. In fact, the exploitation of ma-4
rine resources in fragile ecosystems (coral reefs, coastal bays, and flats of barrier5
islands) poses some crucial issues for conservation strategies and management6
purposes. Consequently, marine biologists are very interested in evaluating and7
monitoring coral growth (Stolarski et al., 2007; Goffredo and Chadwick-Furman,8
2000) since the population dynamics of these invertebrates may be considered9
as an indicator of ecological change and anthropogenic pressure (Ferrigno et al.,10
2016; Lirman et al., 2014). Individual demographic variables, such as age, oral11
disk length, and body size, are the basis for modelling the peculiarities of these12
organisms, as well as the growth and relationships between them and their en-13
vironment (Ault et al., 2014). It is also relevant to analyse the relationship14
between coral age and size, as these characteristics are strictly related to repro-15
ductive activity that is dependent on how fast corals reach the minimum size16
to let the planulae exit the oral disk, enabling corals to reproduce. All these17
considerations highlight the importance of coral growth modelling for the eval-18
uation of habitat stability and provide information on population turnover in19
order to identify and propose techniques for the restoration of damaged or de-20
graded coastal areas. A popular model used by marine biologists for analysing21
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the growth of several marine organisms (Ricker, 1979; Cailliet et al., 2006; Lloyd-22
Jones et al., 2014; Purcell et al., 2016) is the von Bertalanffy growth function23
(VBGF) curve (von Bertalanffy, 1938). This non-linear growth function links24
the size of fish and invertebrates to their age. Recently, the VBGF has been ap-25
plied to modelling solitary coral growth in the Mediterranean sea (Goffredo and26
Lasker, 2008; Goffredo et al., 2010; Caroselli et al., 2012; Cafarelli et al., 2016).27
There are several methods (hereinafter referred to as traditional methods) for es-28
timating the VBGF parameters (Gulland and Holt, 1959; Fabens, 1965; Basso29
and Kehr, 1991), however, they are not as accurate as desired (McClanahan30
et al., 2009) and do not exploit statistical reasoning. The common purpose31
of the traditional methods is a linear transformation of the VBGF in order to32
obtain the parameter estimations by ordinary least squares (OLS) (Yee and33
Barron, 2010). These methods are often applied without considering properties34
coming from statistical estimation theory (Vonesh and Chinchilli, 1997), the35
statistical distribution of observed data, or the sampling design. In particular,36
correlation and variability among corals collected at the same site (within-sites)37
or in different sites (between-sites) is neglected, thus, inducing errors in param-38
eter estimates. Moreover, environmental site specific characteristics related to39
genetic and environmental factors, such as sea water temperature (Galli et al.,40
2016), ultraviolet-B radiation, surface ocean acidification, and human anthro-41
pogenic stress (Caroselli et al., 2012), cannot be directly inserted in the VGBF.42
In order to overcome these limitations, we suggest hierarchical non-linear mixed43
effects models (HNLMMs) as a more feasible approach to estimate parameters44
of the von Bertalanffy coral growth function and propose an alternative VBGF45
parameterization that considers the influence of environmental conditions on46
the site where individual coral data are collected. Rather than following the47
growth process of marked individuals over time, we refer to different individu-48
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als at the same site to allow the description of species growth (Schaalje et al.,49
2001). This simplification makes data collection dramatically easier, as is desir-50
able for submarine entities. We first introduce and discuss the two alternative51
specifications of the VBGF, then we define the HNLMM approach for coral52
data. Finally, we assess the proposed approach to solitary coral species living53
in the Mediterranean sea. In particular, we consider Balanophyllia europaea54
since this species has interesting demographic characteristics and peculiar re-55
lationships with the environment, which can be used by marine biologists for56
assessing habitat stability and suitability with regards to climatic changes and57
human anthropogenic stress (Caroselli et al., 2012; Goffredo and Lasker, 2008;58
Meesters et al., 2004).59
2. Growth models for solitary corals: alternative von Bertalanffy pa-60
rameterizations61
The VBGF is built following the assumption that for each individual, food62
intake scales with body surface, while the maintenance costs scale with body63
volume. Starting from the biological proposition that organisms of the same64
species have a maximum structural length, L∞, the growth curve of an indi-65
vidual with constant food availability, or any abundance of food, is described66
by67
dL
dt
= k(L∞ − L), (1)
where k is the growth rate, which is related to maintenance costs, and L is the68
length at time t. Goffredo et al. (2010) suggested representing corals growth by69
rewriting (1) as70
y(t) = L∞(1− e−Kt), (2)
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where y(t) is the individual length at age t, L∞ is the asymptotic length rep-71
resenting the maximum theoretical value that a species will tend towards, and72
K is the constant known as the Brody growth coefficient, i.e., the rate at which73
growth approaches this asymptote.74
Model (2) does not account for the influence of environmental covariates. To75
this end, in the spirit of Galluci and Quinn (1979), we propose a new parameter-76
ization of the VBGF as follows. According to Koojiman (2000), for organisms77
of the same species with different food availabilities, the logarithm of the VBGF78
growth rate, K, decreases linearly with the asymptotic length, ln(k) ∝ 1/L∞;79
thus, different combinations of K and L∞ can give approximately the same fit80
(as well as high values of K combined with low values of L∞ and vice versa).81
In particular, Kooijman et al. (2008) pointed out that L∞ can be considered as82
independent from the environmental conditions, which allows us to consider the83
following parameterization of (2):84
y(t) = L∞(1− e−te
c
L∞ ), (3)
where c = ln(K)L∞. Following a biological perspective, the new parameter c85
introduced in (3) can be seen as the part of individual length growth linked to86
site-specific conditions such as environmental factors. Compared to the tradi-87
tional specification of the VBGF in (2), (3) accounts for the global effects of88
site-specific environmental covariates by means of the new parameter c; conse-89
quently, it also obtains a more reliable result in terms of model estimation.90
The validity of the proposal of curves such as (2) and (3) is essentially de-91
scriptive. Moreover, the curve can be proposed for the growth of an individual,92
but also holds for aggregated cases if the y values have the meaning of group93
averages.94
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3. Different approaches for estimating VBGF parameters95
The parameter estimation characterizing the growth of coral populations can96
be achieved by means of traditional methods or the HNLMMs proposed herein.97
3.1. Traditional methods98
The methods broadly used for estimating the VBGF parameters are the99
Gulland-and-Holt (GH) plot (Gulland and Holt, 1959), size-increment method100
proposed by Fabens (1965), linearization proposed by Basso and Kehr (1991),101
and the parameterization by Galluci and Quinn (1979). Each method proposes102
a re-parameterization of (2) in order to obtain linear regression models that103
use the OLS method to estimate parameters. These methods are easy to im-104
plement but imply several limiting hypotheses. First, traditional methods do105
not take into account the grouped-structure of data collected in situ, and conse-106
quently, the association usually expressed by the linear correlation among corals107
sampled at the same site. In this way, the Gauss-Markov uncorrelated residuals108
hypothesis, required for linear regression models, is violated. Moreover, ignoring109
data grouped-structure leads to an overall VBGF parameter estimation, com-110
mon to the entire population, without the possibility for obtaining site-specific111
estimates. For any association between L∞ and K, another limitation is not112
explicitly considering the influence of environmental parameters such as the sea113
surface temperature, sea current, solar radiation, and the variability at the coral,114
colony, and site levels. The above limits and the forced linearization required for115
using traditional methods may lead to a bias in the VBGF parameter estimates.116
3.2. HNLMM approach117
In order to overcome the previous drawbacks, HNLMMs are a suitable solu-118
tion. These models are used in a wide range of subject-matter studies, e.g., bi-119
ological, agricultural, environmental, and medical applications (Paul and Saha,120
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2007), especially since suitable software is now available. In particular, they121
are a natural way to analyse grouped, repeated measures, multilevel data, and122
block designs.123
The HNLMM approach may be regarded as a model formulation that can124
handle data from several individuals linked to common conditions and suitably125
consider a non-linear response function (Burnett et al., 1995; Cressie et al.,126
2009). As in the hierarchical linear case, within- and between-individual varia-127
tions are accommodated within the framework of a two-stage model (Lindstrom128
and Bates, 1990). More precisely, at the first stage, which models individual129
(coral) data, the within-site behavior is characterized by a non-linear regression130
model based on the VBGF, and the within-site covariance structure is specified131
by modelling the error term distribution. The between-site variability is rep-132
resented in the second stage through site-specific regression parameters, which133
also may incorporate both systematic and random effects (Davidian and Gilti-134
nan, 1995). Thus, following Lindstrom and Bates (1990), at the first stage of135
the HNLMM for the solitary coral growth curve based on the VBGF, the length136
of the j-th coral on the i-th site is modelled by137
yij = f(φi,xij) + εij i = 1, . . . ,M j = 1, . . . , ni, (4)
where ni is the number of corals in each of M sites, f is the VBGF, φi is the138
site-specific parameter vector, xij is the individual covariates vector, and εij is139
the individual random error. Hereinafter, for simplicity, we refer to a set of two140
covariates that may affect coral dimensions at a site; specifically, we consider the141
annual mean sea surface temperature gradient, T , and the mean solar radiation142
gradient, R, so each xij individual vector is bi-dimensional.143
Following Pinheiro and Bates (2000), by posing εi ∼ N(0, σ2εΛi), where144
Λi is a positive-defined matrix whose dimension depends on the number of145
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observations in each site, it is possible to allow heteroscedastic and correlated146
within-site errors. Moreover, the decomposition of Λi into a variance structure147
component and correlation structure component allows us to model the two148
structures separately and combine them into a flexible family of models for149
the within-site variance-covariance. The normality assumption for the errors is150
motivated by physical and biochemical considerations on coral growth and by151
the fact that the data consists of repeated measurements (Lindstrom and Bates,152
1990). Moreover, the inclusion of Λi into the model allows for the specification153
of a non-independent marginal correlation structure, i.e., the AR(1) correlation154
(Box et al., 2008). In fact, for the data under consideration, the assumption that155
errors have a common variance, Λi = Ii, is unrealistic mainly for two reasons.156
First, young corals are less variable than older corals because environmental157
factors have less time to influence them. The second reason depends on how158
age measurements are taken. Since the adopted non-invasive way of determining159
the age of corals counts growth rings, measurements may be less precise in the160
youngest and smallest corals than in the oldest. For young corals, counting the161
ultimate rings is difficult because their thickness is quite small and identification162
is not always precise.163
At the second stage, the site-specific parameter vector is modelled by164
φi = Aiβ + bi bi ∼ N(0, σ2bD), (5)
where Ai is the design matrix of fixed effects, β is a p-dimensional vector of165
fixed effects, bi is a random effects vector associated with the i-th site whose166
dimension depends on the number of φ components, and σ2bD is a general167
variance-covariance matrix. It is also assumed that the observations coming168
from different sites are mutually independent and the error term, εi, and is169
independent of the random effect, bi (Gelman and Hill, 2007).170
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Figure 1: Conceptual diagram of the HNLMM approach for coral growth estimation.
The HNLMM parameters are estimated by means of the nlme function of R171
software (Pinheiro et al., 2016) for the model implementation under the two dif-172
ferent parameterizations. A synthetic conceptual diagram that summarizes the173
modelling approach for the estimation of coral growth is proposed in Figure 1.174
3.2.1. Standard parameterization175
According to (2) and (4), the solitary coral growth curve for the j-th coral176
on the i-th site is modelled at the first stage of the hierarchy by177
yij = L∞i(1− e−Kitij ) + εij . (6)
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For each site, φi = [L∞i ,Ki]
′ is a bi-dimensional vector of parameters specified178
by recalling (5) as follows:179
Ai =
1 Ri Ti 0 0 0
0 0 0 1 Ri Ti
 ,
β =
(
L∞ a1 a2 K a3 a4
)′
,
bi =
(
b1i b2i
)′
,
(7)
with φi ∼ N(Aiβ, σ2bD). Consequently, the components of φi can be expressed
by
L∞i = L∞ + a1Ri + a2Ti + b1i,
Ki = K + a3Ri + a4Ti + b2i.
(8)
3.2.2. New parameterization180
Following (3) and (4), the formulation of the non-linear mixed effects model181
of the VBGF for solitary corals is182
yij = L∞i(1− e−tije
ci
L∞i ) + εij . (9)
Here, the bi-dimensional parameter vector is φi = [L∞i , ci]
′. Unlike (6), only183
parameter ci is affected by the environmental factors, whereas L∞i is character-184
ized by genetic and not site-dependent features as suggested in Kooijman et al.185
(2008). This corresponds to slightly different definitions of the quantities in (7)186
10
and (8) as follows:187
Ai =
1 0 0 0
0 1 Ri Ti
 ,
β =
(
L∞ c a3 a4
)′
,
bi =
(
b1i b2i
)′
.
(10)
Thus, the parameter vector is now φi ∼ N(Aiβ, σ2bD) with188
L∞i = L∞ + b1i,
ci = c+ a3Ri + a4Ti + b2i.
(11)
In this way, the influence of covariates is correctly ascribed only to parameter189
c. This parameterization, compared to the traditional one, has the advantage of190
isolating the parameter sensible to environmental influences so that it is possible191
to obtain a more meaningful and parsimonious statistical model when covariates192
are involved. The deterministic methods used by biologists are not suitable for193
this parameterization because they were designed to find K and L∞, while the194
new parameterization does not contain K.195
4. Analysing Mediterranean solitary coral data196
4.1. Data197
In this study, a species of solitary scleractinian coral is analysed, Balanophyl-198
lia europaea, that lives on a rocky substratum at a depth range of 0–50 m. Its199
wide distribution in the Mediterranean basin and demographic characteristics200
closely related to the environmental conditions allow for an assessment of habi-201
tat stability and suitability with regards to climatic changes and human anthro-202
pogenic stress (Caroselli et al., 2012). The dataset used comes from Goffredo203
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Figure 2: Site locations: Genova (GN), Calafuria (CL), Elba Isle (LB), Palinuro (PL), Scilla
(SC), Pantelleria Isle (PN). (Caroselli et al., 2012)
et al. (2007) and Goffredo and Lasker (2008). From 9th November 2003 to 30th204
September 2005, samples of the coral species were collected separately at differ-205
ent times from six Italian sites, specifically, Genova, Calafuria, Elba, Palinuro,206
Scilla, and Pantelleria, as illustrated in Figure 2; the samples were taken from207
Caroselli et al. (2012) at a maximum biomass density depth of 15–17 m along208
a latitudinal gradient of 44◦20’N–36◦45’N. A detailed description of protocol209
procedures and measurements can be found in Caroselli et al. (2012).210
The measurements considered for this case study are:211
• The corallite length in mm (L, maximum axis of the oral disc) measured212
by a calliper.213
• The ages, in years, of corals computed as the mean over three repeated214
counts of the growth bands of the skeleton via computerized tomography215
(CT) scans.216
For each site, two environmental covariates are considered related to data217
availability:218
12
Genova (C) Calafuria (C) Elba (I) Palinuro (C) Scilla(C) Pantelleria (I)
n of sampled individuals 42 34 34 54 32 42
mean age (years) 7.4 5.5 4.6 6.9 6.2 5.2
(95%CI) (6.4 − 8.5) (4.9 − 6.2) (3.9 − 5.4) (6.0 − 7.8) (5.3 − 7.2) (4.5 − 6.0)
mean length (mm) 11.7 8.3 9.0 9.9 9.9 8.8
(95%CI) (10.4 − 12.9) (7.4 − 9.3) (7.9 − 10.0) (9.0 − 10.8) (8.8 − 10.9) (8.0 − 9.7)
R (W/m2), annual mean (SE) 166.95 (1.02) 170.07 (1.02) 172.74 (1.02) 181.48(1.01) 187.31 (1.02) 192.95 (1.02)
T (◦C), annual mean (SE) 19.56 (0.04) 18.02 (0.04) 18.74 (0.04) 19.14 (0.03) 19.54 (0.02) 19.88 (0.04)
Table 1: Descriptive statistics of Balanophyllia europaea samples and annual averages of
environmental indicators per site. R: Solar Radiation (from 190 W/m2); T: Sea Surface
Temperature (from 18◦C). Site typology: coast (C) and isle (I).
• The annual mean sea surface temperature gradient T obtained from the219
National Mareographic Network of the Agency for the National System for220
Environmental Protection (ISPRA), available at http://www.isprambiente.221
gov.it/.222
• The mean solar radiation gradient R obtained from the International223
Cloud Climatology Project (ISCCP), available at http://www.ingrid.224
ldgo.columbia.edu/.225
In Table 1, some basic descriptive statistics and the annual averages of main en-226
vironmental indicators are reported for each site. The coral length distributions227
at various ages with different growth rate patterns for the six sites are shown in228
Figure 3.229
4.2. Statistical analysis230
Traditional methods, i.e., the GH plot (Gulland and Holt, 1959), size-increment231
method (Fabens, 1965), and proposal by Basso and Kehr (1991), are first used232
to estimate the VBGF parameters for solitary coral data. The goodness of fit is233
tested by graphical inspection of standardized residuals at the population level234
and by coefficients of determination, R2.235
An HNLMM is estimated for each of the two parameterizations in Sec-236
tion 3.2. In order to identify the optimal models that balance between model237
13
ll l
l
ll
l
l l
l
ll
l
l
ll
l
ll
ll
l
l
ll
ll
l
ll
l
l
l
l
l
0 2 4 6 8 10 14
0
5
10
15
20
Patelleria
Age (years)
Le
ng
th
 (m
m)
l
l
l
l
ll
l
l
l
ll
l
ll
l
l
ll
ll
lll l
l
l l
l
l
l
0 2 4 6 8 10 14
0
5
10
15
20
Scilla
Age (years)
Le
ng
th
 (m
m)
l
l
l
ll
l
l
ll
l
l
l
l
ll
ll
l
l
ll
ll
l
l
ll
l
l
l
l
ll
l
l
l
l
l
l
ll
l l l
ll
0 2 4 6 8 10 14
0
5
10
15
20
Palinuro
Age (years)
Le
ng
th
 (m
m)
l
l
l
l
l
l l
lll
ll
l
ll
ll
l
l ll
l
l
l
l
l
l
l
0 2 4 6 8 10 14
0
5
10
15
20
Elba
Age (years)
Le
ng
th
 (m
m)
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
0 2 4 6 8 10 14
0
5
10
15
20
Calafuria
Age (years)
Le
ng
th
 (m
m)
l
l
l
l
l
l
ll
l
ll l
l
ll
l
l
l
l
l
ll
l
l
l
l
ll
l
l
l
l
l
l
l
l
0 2 4 6 8 10 14
0
5
10
15
20
Genova
Age (years)
Le
ng
th
 (m
m)
Figure 3: Site scatterplots of length versus age.
fit and complexity, candidate models are compared using the Bayesian informa-238
tion criterion (BIC) (Schwarz, 1978) and the Akaike information criterion (AIC)239
(Sakamoto et al., 1986). For the two alternative approaches, the results of this240
comparison, available in Pignotti (2013), lead to the best model specifications;241
(L∞i,Ki+b2i)′ for the standard parameterization and (L∞i+b1i, ci)′ for the new242
parameterization. The variance among corals at the same site is modelled for243
the standard specification as a combination of an exponential increasing func-244
tion and a negative power function, whereas that of the new parameterization245
is modelled as a mixture of a constant function and a positive power function.246
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These choices allow us to neglect the influence of the extreme fitted values linked247
to the young and old coral measurements, about which difficulties in counting248
the growth rings usually arise. For both parameterizations, an autoregressive249
AR(1) correlation structure is adopted.250
The results of the best models, coming from traditional methods and the251
HNLMM approach, are compared using three cross-validation techniques, CV1,252
CV2, and CV3 suggested by Carroll and Cressie (1996).253
In particular, CV1 is used to assess the unbiasedness of the predictor (optimal254
value: CV1 = 0), CV2 is used to assess the accuracy of the mean squared pre-255
diction error (optimal value: CV2 = 1), and CV3 is used to check the goodness256
of the prediction (small values of CV3 indicate a good fit).257
4.3. Results from traditional methods258
The estimates of VBGF growth parameters, Lˆ∞ and Kˆ, obtained from the259
traditional linearization methods with parameterization (2) are reported in Ta-260
ble 2. Estimates are obtained by considering corals from unique sites without261
differentiating the six different sites along the latitude gradient. As expected,262
the traditional methods (Gulland and Holt, 1959; Fabens, 1965; Basso and Kehr,263
1991) underestimate both young (age <4 years) and old (age >11 years) corals264
(Figure 4, left panels). Furthermore, the residual examination reported in Fig-265
ure 4 (right panels) highlights non-random patterns in data distribution, which266
suggests looking for a better fit via non-linear models. Furthermore, we con-267
sider the variability at the individual, colony, and site levels and the explicit268
influence of specific environmental components. Values of R2 suggest that the269
size-increment method proposed by Fabens (1965) is the best model in terms of270
goodness of fit (Table 2).271
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Figure 4: Growth curves (left panels) and residuals (right panels) using traditional estimation
methods.
4.4. Results from HNLMMs272
According to the alternative HNLMM specifications in (8) and (11), fixed273
and random effects components for growth data are estimated and reported in274
Tables 3–4.275
For the standard parameterization in Table 3, regression coefficients aˆ1 and276
aˆ2 of (8) related to R and T covariates, respectively, suggest that the ultimate277
length Lˆ∞i decreases linearly with both the solar radiation and sea surface278
temperature. Conversely, estimated coefficients aˆ3 and aˆ4 are very close to zero279
and do not influence the growth rate Ki. For the new parameterization, the280
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Linearization Method Lˆ∞ Kˆ R2
Gulland and Holt (1959) 18.38 0.15 0.26
Fabens (1965) 18.06 0.17 0.93
Basso and Kehr (1991) 19.40 0.14 0.58
Table 2: Estimated VBGF parameters under linearization and coefficients of determination.
HNLMM (8) HNLMM (11)
Est. SE Est. SE
Fixed effects
Lˆ∞ 18.10 1.20 17.00 1.30
aˆ1 −0.08 0.09
aˆ2 −2.74 1.90
Kˆ 0.16 0.02
cˆ −30.10 5.00
aˆ3 0.00 0.00 −0.19 0.08
aˆ4 0.04 0.03 0.02 1.20
Table 3: Fixed effects estimates under the parameterizations (2)–(3).
estimated fixed effects aˆ3 and aˆ4 in (11) for the growth coefficient cˆi suggest281
that growth decreases with the solar radiation R and increases with the sea282
surface temperature, T . In southern colder sites, slower coral growth is more283
likely to occur than in northern warmer sites as confirmed in Goffredo et al.284
(2008). The slope of R is higher and slightly significant.285
Table 4 shows the estimated random effects for both HNLMMs. As discussed286
in Section 3.2, introducing random effects allows us to obtain site-specific growth287
curves. In particular, the estimated random effects are quite large for the new288
parameterization; this confirms the importance of considering random effect289
estimates for calibrating growth curves for corals among different sites. Only290
after considering random effects is it possible to recognize similar behaviour in291
the two islands Elba and Pantelleria and the stronger-current site Scilla, which292
suggests future model enrichment including the sea current, for example, as an293
additional environmental covariate.294
Furthermore, Figures 5–6 show the predicted curves when the within-site295
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HNLMM (8) HNLMM (11)
Random effects
bˆ1(GN) 0.01 −5.40
bˆ1(CL) −0.01 −14.70
bˆ1(LB) 0.03 14.00
bˆ1(PL) −0.02 −5.50
bˆ1(SC) 0.00 3.40
bˆ1(PN) 0.01 8.20
bˆ2(GN) -- 1.30
bˆ2(CL) -- 3.50
bˆ2(LB) -- −3.30
bˆ2(PL) -- 1.30
bˆ2(SC) -- −0.80
bˆ2(PN) -- −1.90
Variance
ϕˆ1 0.15 13 864.00
ϕˆ2 −0.86 3.5
Correlation ρˆ 0.41 0.38
Table 4: Random effects, variance, and covariance estimates under parameterizations (2)–(3).
Here, we use the same site acronyms as in Figure 2.
random effect adjustment is included. Both the population predictions (corre-296
sponding to random effects equal to zero) and the within-site predictions (ob-297
tained using the estimated random effects from HNLMMs) are displayed in each298
panel. As shown, accounting for variability coming from differences among sites299
provides an improvement of fitted curves in some sites (Figure 5) such as Palin-300
uro and Elba. For the new parameterization (Figure 6), remarkable differences301
in terms of fitted curves can be appreciated in the Elba, Calafuria, and Pantel-302
leria sites even if a worse fitted growth curve occurs for the Elba site. This can303
be attributed to the lack of environmental information (sea current covariate,304
for instance), which neutralizes the advantages of the new parameterization.305
Parameter c, conceived as a tool to capture the implicit effect of covariates, is306
in fact more sensitive to poor environmental information. The standard param-307
eterization, distributing the covariate influences between the two parameters, is308
18
able to manage this lack of information.
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Figure 5: Estimated growth curves under the HNLMM standard parameterization: population
prediction level (solid line), site prediction level (dashed line), and observed data (dots).
309
Model performance under the two parameterizations is compared in Table 5.310
The new parameterization in (11) has slightly smaller AIC and BIC values sug-311
gesting a moderate overall superiority of this parameterization compared to the312
standard one. Moreover, the graphical inspection of estimated residuals of both313
models (not reported here) shows random dispersed distributions, confirming314
the general good performance of the proposed HNLMMs.315
AIC BIC
Standard parameterization 758 796
New parametrization 753 791
Table 5: Model comparison for the two parameterizations.
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Figure 6: Estimated growth curves under the new HNLMM parameterization: population
prediction level (solid line), site prediction level (dashed line), and observed data (dots).
4.5. Results comparison316
The results comparison confirms that traditional methods lead to a bias in317
parameter estimates. The estimates from the newly parameterized HNLMM318
are preferred to those of the increment-size method (Fabens, 1965) with respect319
to the unbiased nature of the predictor (CV1), accuracy of the mean squared320
prediction (CV2), and goodness of fit (CV3) for this data (Table 6). These321
results are also confirmed by graphical inspection in Figure 7. As shown, the322
prediction at the site level enables us to capture the effect of site-specific features323
justifying the effort of a complex model versus higher accuracy of estimates.324
20
Estimation methods CV1 CV2 CV3
Fabens (1965) 1.09 4.32 4.94
HNLMM (11) 0.05 1.17 1.40
Table 6: Cross-validation results for the size-increment method and HNLMM (11).
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Figure 7: Fitted curves for Fabens’ size-increment method (solid line), HNLMM (11) (dashed
line), and observed data (dots).
5. Discussion and conclusions325
In this paper, we introduced a reliable approach for estimating VBGF coral326
growth parameters, L∞ and K, which allows us to overcome the main limi-327
tations related to the use of traditional methods. These latter methods are328
easy to implement but are often proposed ignoring the hierarchical structure329
that typically characterizes data from marine populations. This leads to in-330
appropriate statistical inference, since they neglect the fact that observations331
measured within a level (e.g., measurements within the same site) are more332
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similar to each other compared to observations obtained between levels (e.g.,333
measurements in different sites). This point is not considered when VBGF pa-334
rameters are estimated according to traditional methods, which are proposed for335
assessing information about the entire coral population without addressing dif-336
ferences among sites characterized by environmental conditions and site-specific337
individual coral features. Conversely, the proposed HNLMM provides several338
advantages over the more commonly-used OLS approaches when data possess339
a hierarchical structure. In particular, this approach enables us to consider the340
influence of select site characteristics, such as locations, typology of site, etc.,341
on overall coral growth and to model within-site measurement correlation and342
different variabilities at sites. Moreover, it avoids the forced linearization re-343
quested by the methods currently employed by biologists, which may lead to a344
bias in the VBGF parameter estimates; additionally, it simultaneously incorpo-345
rates environmental information of sites where corals are collected. For the case346
study concerning the solitary coral species Balanophyllia europaea, the limits347
of traditional methods are evident. Instead, the two implemented HNLMMs,348
under the standard and new parameterizations, exhibit clear advantages. In349
particular, the second parameterization, based on the theory of the energy bal-350
ance that states the linear correlation of the two growth parameters and the351
independence of the ultimate length L∞ from the influence of environmental352
covariates, introduces a new parameter c that describes the growth that can be353
attributed to site-specific conditions such as environmental factors. The new pa-354
rameterization leads to a tiny improvement with respect to the first one, which355
is theoretically more suitable if environmental covariates are introduced in the356
model. In conclusion, the proposed HNLMM approach, under both parameter-357
izations, suitably fits the hierarchical nature that environmental data collected358
from different sites possess. In particular, it responds to the need of collectively359
22
modelling coral distributions from different sites and different site characteris-360
tics since mixed-effect modelling permits the use of all available information and361
manages the variability between individuals. All these considerations make the362
proposed HNLMMs very attractive tools for growth parameter estimates that363
overcome the estimates proposed by traditional methods.364
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